ABSTRACT
In recent years, in particular, we have witnessed a great increase in the use of standardized testing, especially for mathematics students. A generation ago it was common in many countries for a classroom teacher to construct and implement her or his own assessment, and then make decisions concerning the evaluation of students based on the results. But today, these same classroom teachers are subjected to an enormous focus on standardized testing, often determined by their local, state, regional or national government agencies. Since the test results are then published, teachers, schools, and whole school districts are being assessed, and students as well. Haney and Madaus (1989) described the leaps in the use of tests in the United States up to the 1990s. The first occurred in the period of the 1920s-1930s when the achievement-testing movement was motivated by a desire to study students' learning in more systematic and objective ways. This was perceived as a remedy to the inconsistencies in classroom teachers' evaluation or grading practices (Kilpatrick, 1993; Shepard, 2000a) . Perhaps this movement represented the early beginnings of a focus on standardization. The next leap occurred during the 1950s-60s when national legislation promoted testing in the schools. And shortly after that, in the 1970s, test-driven instruction, in association with the criterionreferenced tests that assessed whether the students had achieved particular attainment objectives, became very common. Teachers and testing specialists alike were convinced that such instruction could improve learning (Popham, 1978 (Popham, , 1987 . One consequence was that 'teaching to the test' became common, and further, a positive connotation was attached to it. According to Haney and Madaus (1989) , however, the main leap in testing began in the 1980s, which coincided with the launching of reform movements in education.
In the 1980s numerous scholars were aware of the serious flaws and inaccuracies of many standardized tests (e.g., the narrow outcomes measured by the tests and the potentially unhealthy consequences for students' learning -c.f., Wassermann, 2001) . Even before the 1980s, Oscar Buros, editor of the Mental Measurements yearbooks, had serious concerns about these tests. He wrote:
Many of you know that I consider that most standardized tests are poorly constructed, of questionable or unknown validity, pretentious in their claims, and likely to be misused more often than not. (Buros, 1977, p. 9) Buros (1997) expressed strong views with respect to the inadequacies of standardized tests and his concern about the unwarranted optimism about the values of standardized tests in general, and more specifically about certain kinds of tests.
On a slightly different, but related theme, Buros (1977) advised teachers not to ''mistake statistical significance for educational significance, which results in a great deal of sloppy thinking not only in testing but in all areas of research in the behavioral sciences.'' (p. 13). He further pointed out:
Standardized tests rarely correspond closely to local instructional programs; bishop0019 01-05-03 15:20:34 Techniset, Denton, Manchester 0161 335 0399 they are greatly influenced by instructional materials closely resembling the test items, and they cannot be used to measure the attainment of specific growth over short periods of time. (p. 14)
In a similar vein, Salmon-Cox (1981) reported that her research revealed that ''student scores on standardized tests are not very useful to the classroom teachers' ' (p. 631) . She asserted that rather than relying on the results of standardized tests, teachers would rather use their own judgement regarding student weaknesses and needed areas of help. Sproull and Zubrow (1981) further maintained that education administrators were not significant users of information from tests, and that in fact such test results were not very important to school administrators.
Although we recognize that there are many ramifications of this trend to outside testing, we want to place a focus on the widely accepted view that 'teachers teach to the test'. Although this view is often expressed in negative or derisive tones, there can be little doubt that it has always been true. Whether teachers have constructed their own tests or have had tests imposed upon them by outside agencies, almost all of them nevertheless try to teach content so their students will be able to demonstrate what they know.
From the early 1990s onwards, possible disadvantages of the testing approach have been emphasized by many other scholars (e.g., Shepard, 1988 Shepard, , 2000a Resnick & Resnick, 1992; Casas & Meaghan, 2001) . One of the most widely repeated 'disadvantages' was 'teaching to the test', which often meant teaching to standardized tests. The practical consequence of this was a narrowing of the curriculum to the domain of mathematical content encompassed by the tests. Many mathematics educators believe that in the present reform movement in education, designers of tests overly use items which assess only the basic levels of mathematical content knowledge, and rarely include items which assess complex levels of students ' understanding (see, e.g., McLean, 1982; Fiske, 1997) .
Given the commonly accepted view that ''what is tested is what gets taught'' (National Research Council, 1989, p. 69) , it is not surprising that the consequences of this view of testing are often promoted in the reverse way. Such an optimistic view towards the pervasive influence of standardized testing was, for instance, taken by De Lange (1992) when he noted that if teachers teach to the test, educators then have the opportunity to create tests to which teachers will teach. De Lange (1992) argued:
If the trend towards more open examinations continues it will have definitive effects on the teaching of mathematics. As in many other countries, the teacher (or school) is judged by how well the students perform on their final exam. This leads to test-oriented learning and teaching. However, if the test is made according to our principles, this disadvantage (test-oriented teaching) will become an advantage. The problem then has shifted to the producers of tests since it is very difficult and time consuming to produce appropriate ones. (p. 320) This same kind of inverse reasoning, by which the scheme of 'teaching to the test' has been put forward as a potential tool for innovation, has also been articulated by other scholars (see, e.g., Wiggins, 1989a; Resnick & Resnick, 1992; Stephens, Clarke, & Pavlou, 1994) .
The difficulty with this 'reversed' approach is that, despite the objections raised about standardized tests, important educational decisions are nonetheless still based mainly on the scores on these tests. Thus, classroom practice is subjected to standardized testing determined by regional or national governmental agencies. Since the test results are published, teachers, schools, and school districts are assessed as well as the students. Elmore (2002) argued that so far as school improvement is concerned, internal accountability should precede external accountability. That is to say, school personnel need to share a coherent, explicit set of norms and expectations about what a good school looks like before they can respond to signals from outside their school in an attempt to improve student learning. According to Elmore, giving test results to an incoherent, atomized, badly run school does not mean it will become a better school, for a school's ability to make improvements is fundamentally related to the beliefs and practices that people within it share. School improvement is less related to the kind of information school personnel receive about their performance. Elmore (2002) argued that, typically, low-performing schools are not coherent enough to respond to external demands for accountability. He went on to say:
The work of turning a school around entails improving 'capacity' (the knowledge and skills of teachers) -changing their command of content and how to teach it -and helping them to understand where their students are in their academic development. Low-performing schools, and the people who work in them, don't know what to do. If they did, they would be doing it already. You can't improve a school's performance, or that of any teacher or student in it, without increasing the investment in teachers' knowledge, pedagogical skills, and understanding of students. Test scores don't tell us much of anything about these important domains; they provide a composite, undifferentiated signal about students' responses to a problem. (p. 35) The increase in the use of tests during the twentieth century was enormous. In 1917 (when the United States of America entered World War I), there were 11 arithmetic tests available in the United States (Resnick, 1982) . Nowadays, there is a much larger body of standardized tests from which to choose. Aside from the fact that decisions about education are based on scores that do not cover the richness of the present goals and teaching methods of mathematics education (cf., Becker & Selter, 1996) , there are also some more silent influences that could be even more harmful.
First, external testing can assist in the twin processes of de-skilling and de-professionalizing teachers (Shepard, 2000b) . A dominance of so-called 'objective' tests in classroom practice can shape beliefs about the nature of evidence and principles of fairness (Shepard, 2000a) . Moreover, overuse of standardized tests provides a poor model for informal classroom assessment by teachers and for the development of teacher-made tests (Black & Wiliam, 1998; Wilson & Sloane, 2000) that can be used to find evidence bearing on teachers' judgements about students and their decisions regarding further instruction.
We believe that, especially for this last purpose, current standardized tests consisting primarily of multiple-choice items are too limited, in at least two ways: They are limited in both their mathematics and the opportunities they provide to classroom teachers to access students' understanding. This belief stems from a theoretical viewpoint. Currently, standardized tests are based on a psychometric model of assessment design in mathematics education, and this model differs markedly from a model of assessment design that is more closely connected to a domain-specific theory of education, or what we call a 'didactic' model. We judge that such a model needs to be added to assessment design in order to acquire a more acceptable and productive system for educational assessment.
APPROACH TO MATHEMATICS EDUCATION AND ASSESSMENT

Relationship Between Mathematics Education and Assessment
According to Pipho (1985) , ''nearly every large education reform effort of the last few years has either mandated a new form of testing or expanded uses of existing testing'' (p. 19). It was not surprising, therefore, that the world-wide reform in mathematics education that commenced during the 1980s was accompanied by proposed reform in assessment (e.g., De Lange, 1987; Romberg, 1995; Van den Heuvel-Panhuizen, 1996; Becker & Shimada, 1997; Hashimoto & Becker, 1999; Nagasaki & Becker, 1999) . The strong and close relationship between assessment and instruction has great potential for improving classroom practice. We share Leder's (1992) view that our current approach to mathematics teaching and assessment cannot be separated. According to Leder, assessment is intrinsic to the very act of teaching.
But in what different ways can mathematical learning be assessed? Our response is demonstrated in the following two examples, both of which belong to the content domain of measurement. The examples are meant for fifth-grade students.
A Measurement Problem with Multiple Solutions
In the first assessment problem (see Figure 1 ), which we call the Flag problem (Van den Heuvel-Panhuizen, 1995) , students have to answer the following question: ''What do you think the size of the flag on the top of this apartment building is in reality?''
The piece of paper that appears on the test sheet is meant for the students' convenience. They may use this scrap paper to jot down their notes and models to support their thinking.
Student work on the scrap paper area of this problem has revealed a rich variety of responses (see Figure 2 ). Judging the correctness of answers depended, in part, on what daily-life knowledge those assessing the responses assumed the students had, and how rigorous the assessors were in judging the responses. In this case, the fifth-grade students were not familiar with problems like this, and an answer between, say, 6 and 18 square metres was considered acceptable. Starting from this criterion, among the answers in Figure 2 , only #4 would be assessed as correct. But, we should ask, are all the other responses wrong? Apart from the number aspect, the responses to the Flag problem included several other indicators of students' achievement. First, although Students #3 and #5 did not come up with a number between 6 and 18, they did, without any hints, choose square metres as the unit of measure to express size. Student #1 used a very clear informal notation instead of a unit of measure, and Student #4 showed quite clearly that the size of a door could be used as a frame of reference. Student #2 used ratios with the size of the picture as starting point.
It is evident that the assessment of the students' responses on the Flag problem is a tricky task. Beyond assessing the students' appreciations of the numbers involved in the problem, there are several other contextual aspects to be considered, including the use of measures of reference. Does a student know the height between two floors? What is the student's visual interpretation of the problem? Does a student recognize the flag to be a rectangle? What was the procedure applied by a student for estimating the answer, and how was this procedure described? How were models used by a student to support his or her reasoning when making estimations?
Students' responses to the Flag problem revealed something about their knowledge of measurement (e.g., did the students know how to calculate the area of a rectangle?) and geometry (e.g., did the students identify the flag as a rectangle? Did they realize that where the flag is anchored to the roof matters?). As noted, the problem was also connected to the topic of ratio (e.g., can students use the area of a door to estimate the area of the flag?). In a very real sense, then, there are several mathematical ideas or aspects of content that are evident in this problem.
In the Flag problem, students are asked to apply their mathematical thinking ability, knowledge and skills to solve a problem that, although presented on paper, can easily be connected to their daily lives. Such context problems have the characteristic that when students are given freedom to apply their mathematical knowledge, they are not necessarily limited to the structure of mathematics. In other words, here students are asked to integrate their knowledge and not focus on a particular skill. In fact, we think the Flag problem is typical of problems that can reveal the way students mathematize in resolving a problem situation. Moreover, problems that require students' mathematical thinking ability may even call for students to generate missing information.
As can be seen in the Flag problem, students need not always be provided with all the data for solving a problem. Notice that no actual data are given, nor is it even clear whether the building is of a normal size as opposed to one in a miniature village. This, of course, makes it challenging to determine the correct answer, though in reality no one knows it (or them).
A Measurement Problem with Multiple Choices
All the characteristics of the Flag problem are in stark contrast to problems on standardized tests that assess measurement. For example, Figure 3 shows an item from the U.S. California Achievement Test (CAT) for grade 5.
This problem, like the Flag problem, also asks students to determine area. But here the length and width of the rectangle are both given (in meters), and the student has only to select one of the four choices. Notice also that the unit of measure (square meters) is given. Thus, all the information needed to solve the problem is given. The student is even given the operation that must be performed. This problem only requires that a certain mechanical procedure be carried out to get an answer. It is consistent with teaching based on step-bystep procedures that focus on number operations, far removed from the real-life situations of the students. 
W hat is Good Assessment?
We note that the CAT test item is quite consistent with the requirements for assessment problems used on traditional standardized tests. But we certainly could not claim this for the Flag problem. On the contrary, from the point of view of traditional assessment, serious objections could be raised to the Flag problem. For example, a broad range of knowledge is assessed, and it is actually not known in advance what will be assessed; not all the needed data are given; and objective scoring is not possible, because no one knows the correct answer.
In spite of the objections cited above, many mathematics educators would judge the Flag problem to be appropriate for assessment because it has rich potential to provide a lot of information about the students' thinking, understanding, and knowledge. Moreover, the problem is consistent with what many think is important for students to learn. Instead of writing out prescribed mechanical procedures, an opportunity is provided for students to apply flexibly their mathematical knowledge and understanding in a manner which makes sense to them in this particular problem situation.
As the above discussion makes clear, appropriate assessment problems depend very much on how one thinks about the goals of mathematics education: What mathematical ideas are important, how is mathematics learned, and how is mathematics taught? That is, a new approach to mathematics education evident in many parts of the world calls for a new approach to assessment (see e.g., Niss, 1993; Clarke, 1996; Van den Heuvel-Panhuizen, 1996; Hashimoto & Becker, 1999) . A consequence of this thinking is that as mathematics content and teaching is reformed, assessment also needs to be reformed. This is not an altogether new idea for, more than ten years ago, Romberg, Zarinnia and Collis (1990) predicted a new future world-view of assessment in mathematics.
Objections to Standardized T ests
In some nations it is often alleged that teachers in schools are overloaded with standardized tests that are not consistent with the new approach to mathematics education. Some North American commentators have maintained, for example, that standardized test regimes in the 1980s and 1990s wrought havoc on school mathematics environments (see, e.g., Stake et al., 1994; Apple, 1995) . Stake (1995) pointed to the dangers in school reform which over-emphasized student performance on statewide pencil-and-paper tests. According to Stake, this invariably induced ''overstandardization, oversimplification, over-reliance on statistics, student boredom, increased numbers of dropouts, a sacrifice of personal understanding and, probably, a diminution of diversity in intellectual development'' (p. 213). In a series of illuminative studies of Chicago's schools and teacher education programs, Stake et al. (1994) pointed to the negative effects that the ever-present reality of standardized examinations had on the classroom practices of some schools.
Occasionally, teachers were prepared to stand up and be counted against multiple-choice assessment regimes mandated by local authorities and governments. According to Clements (1999) , in 1993 almost the entire teaching force in England and Wales broke the law in upholding a boycott of national curriculum assessment. The National Center for Fair and Open Testing (2001) , in the United States, claimed that overuse of standardized tests is damaging education, and Kohn (2000 Kohn ( , 2001 asserted that not only are such tests a serious threat to good teaching, they also have the potential to ruin schools. Other specific complaints have also been raised, among them, that standardized tests focus on low level skills and take away valuable instruction time from the fundamental purposes of teaching (Casas & Meaghan, 2001) . It has been claimed that they have a negative influence on equity (Froese-Germain, 2001) , and have an adverse effect on job satisfaction (Rotberg, 2001) . Writing with some authority, Popham (2001) declared that measuring what students have learned in school is not the measuring function of traditional achievement tests.
Alternatives to Standardized T esting
Are there feasible alternatives to standardized tests and if so, what are they? We believe there are new assessment tools that have been developed which provide worthwhile alternatives. Furthermore, new approaches to enhancing classroom teachers' assessment abilities have also been developed.
Several new approaches to assessment provide teachers with new tools for assessment -examples are portfolio assessment (Wolf, 1989; Mummé, 1990; Herman & Winters, 1994) , performance assessment (Linn, Baker, & Dunbar, 1991; Collison, 1992; Baker, O'Neil, & Linn, 1993) and authentic assessment (Wiggins, 1989b; Lajoie, 1995) .
The second aspect of the development of alternatives to standardized tests is the recent emphasis placed on recognizing and enhancing the assessment abilities of teachers. The idea is that assessment be placed back into the hands of teachers, which is described by terms such as 'informal assessment' (Watson, 1999; , 'instructionally embedded assessment' (Webb, 2001) or 'didactical assessment' (Van den Heuvel-Panhuizen, 1996) , 'formative assessment' (Wiliam & Black, 1996) and 'classroom assessment' (De Lange, 1999) . All of these descriptive phrases refer to assessment which is intended to support the teaching and learning process. It is closely linked to the instruction and to the subject matter -in this case school mathematics -and, in principle, is part of the teacher's daily educational practice.
Of the terms mentioned in the last paragraph, we prefer the last, 'classroom assessment', which includes everything from informal to formal assessment and also includes an ongoing collection of evidence. This term can be used with respect to the teacher or students as the assessor. Its purpose is clear, namely to support learning and teaching, and it is strongly connected to the domain of the school subject and the way it is taught.
Several comprehensive review studies have been published drawing attention to the roles of classroom assessment in raising students' achievement levels (Scheerens & Bosker, 1997; Black & Wiliam, 1998) . Advocates of this alternative to standardized tests emphasize that assessment should play an integral role in teaching and learning, and that instruction and assessment should be epistemologically consistent (Shepard, 2000b) .
Need for a DiVerent Design Model
Notwithstanding the professional attractiveness of alternatives that have been developed to standardized tests, they are not the only answer to objections raised to and about standardized tests. We need to wonder whether changing assessment formats, as a way to develop new tools, is sufficient to align assessment with the new goals and teaching methods of mathematics education. The same can be asked with respect to enhancing teachers' abilities to design and implement assessment, that is, if teachers are responsible for assessing students' learning, from what frame of reference will they design and develop problems? Until now, more or less the only models they have are the standardized tests. On its own, neither alternative, however, creates problems like the Flag problem. In order to conceptualize assessment in a manner which provides teachers with information about students' achievement, in such a way that it provides direct clues for making didactical decisions, it is necessary to develop a design model that is closely linked to mathematics teaching. In other words, we believe a model is needed that is based on the didactics of mathematics.
The reason for this is that the prevailing psychometric approach utilizes the huge class of mathematics problems that lead to a single, correct answer. This class forms the basis of standardized, multiple-choice exam questions, which has been used for assessment for a very long time. Even if there are multiple ways to get the correct answer to a multiple-choice question, usually it is only the answer which is assessed.
Within newer approaches to assessing school mathematics, however, there is a huge class of mathematics problems that do not lead to a single, correct answer. There are also problems that have a single, correct answer but have multiple ways to obtain it and the assessment approach is interested in both the procedure and the answer. The assessment of multiple solutions or multiple paths to a single solution, will occur only when we have an approach to assessment that has the same principles as contemporary approaches to mathematics education. Or, put differently, using the words of Shepard (2000b) , assessment design in mathematics education should be 'epistemologically consistent' with the philosophy or the didactics of mathematics education. An assessment design model that has this quality we call a 'didactic model'.
Our tack is to consider the shortcomings of problem design that are bound to the psychometric framework, not so much for the purpose of being negative but more with a view to establishing a need for a new assessment model -one that is tied to the goals of mathematics education.
THE PSYCHOMETRIC APPROACH TO ASSESSMENT
Psychometric Criteria for T est Item Construction
The psychometric model for test design assumes certain prerequisites for an assessment problem to be acceptable. Nearly all handbooks on test item construction accept these criteria. Much of the material for this section comes from Osterlind (1998) in his book Constructing T est Items.
The following list gives objectives for good item construction under the psychometric model:
1. There must be a high level of congruence between a particular item and the key objective of the whole test. 2. The key objective must be defined clearly and unambiguous. 3. The contribution to measurement errors should be minimized. 4. The format of the test items must be suitable to the goals of the test. 5. Each item must meet specific technical assumptions. 6. The items should be well written and should follow prescribed editorial standards and style guidelines. 7. The items should satisfy legal and ethical questions.
As Osterlind (1998) pointed out, these criteria are generally accepted within the psychometric community. Further, most of the criteria are also valid even beyond the psychometric domain. There are two criteria, however, where, to us, the approaches diverge. These are the criteria mentioned in points 5 and 6 above: the technical assumptions and the editorial standards and style guidelines. A major aspect of editorial standards and style is the call for no ambiguity. A closer scrutiny of these criteria will make clear why they might be, or are, in conflict with assessment problems like the Flag problem.
According to Osterlind, there are three fundamental assumptions that apply to all test items, regardless of whether they are included in tests developed under classical test theory or modern test theory design (like item response theory). These three assumptions relate to the need for unidimensionality, for local independence, and for suitable item characteristic curves.
The assumption of unidimensionality incorporates the notion that an examinee's response to a test item is a function of a single trait or ability. Osterlind (1998) 
For example, a test item that is designed to assess the trait quantitative ability measures only that trait and does not also assess other traits or abilities, such as verbal ability. (p. 45) This assumption is important because without an assumption of unidimensionality, it would be very difficult to attempt reliable interpretations of responses that are keyed as correct.
Although the assumption of local independence bears some similarity to the foregoing, it is distinct from it. Osterlind formulated the practical consequences of this assumption in the following way:
Local independence means that an examinee's response on any particular test item is unaffected and statistically independent from a response to any other test item. In other words, local independence presumes that an examinee approaches each test item as a fresh, new problem without hints or added knowledge garnered from responding to any other test item. (p. 48)
The third assumption underlying test item construction concerns the item characteristic curve (ICC). An ICC represents the regression of item scores on the attribute or ability variable. An optimal situation, in which an item measures an attribute in a perfectly reliable way, is illustrated in Figure 4 . This implies 'low-ability students' should have only a small probability of responding correctly to a valid test item that measures the attribute. Osterlind pointed out, however, that in practice the relationship between ability and probability of a correct response to an item is more complex.
According to Osterlind (1998) , item writers should also avoid ambiguity. This requirement plays a prominent role in his judgment of the quality of test items that are discussed in his book, and is true for both multiple-choice items and items for which students are asked to construct their answers. In Osterlind's words:
In creating short-answer and sentence-completion items, the item writer should be certain that the beginning portion of the sentence will logically lead an examinee to one -and just one -correct response. (p. 239).
The following is an example given by Osterlind to illustrate the requirement:
''The commonly accepted value for pi is ______'' (p. 239). Osterlind views the item to be flawed because the number of decimal places expected in an answer is not specified. According to Osterlind (1998) unless a specific direction, such as ''decimals should be carried out two places'' (p. 239) is clearly stated, examinees will be confused.
AERA/APA/NCME Guidelines for Educational T esting and Assessment
The recently published Standards for Educational and Psychological T esting (AERA/APA/NCME, 1999) support the psychometric approach to item, and test, development mentioned above. For instance the Standards requires that assessment items should be reviewed for content quality, clarity and lack of ambiguity. In no way is the possibility considered that the criterion for 'lack of ambiguity' could be in conflict with the criterion of educational 'content quality'.
The following statement appears in the Standards chapter which addresses educational testing and assessment:
This chapter concerns testing in formal educational settings from kindergarten through post-graduate training. Results of tests administered to students are used to make judgments, for example, about the status, progress, or accomplishments of individuals or groups. Tests that provide information about individual performance are used to (a) evaluate a student's overall achievement and growth in a content domain, (b) diagnose student strengths and weaknesses in and across content domains, (c) plan educational interventions and to design individualized instructional plans, (d) place students in appropriate educational programs, (e) select applicants into programs with limited enrollment, and (f ) certify individual achievement. (p. 137)
The authors of the chapter went on to say that they would not explicitly address issues related to tests constructed and administered by teachers for their own classroom use, or provided by publishers of instructional materials. They added that although ''many aspects of the Standards, particularly those in the areas of validity, reliability, test development, and fairness are relevant to such tests, this document is not intended for tests used by teachers for their own classroom purposes'' (p. 137). Thus, it was made clear that classroom assessment -not to mention the contribution the didactic perspective has to offer -even in a chapter on educational testing and assessment, would more or less be neglected.
The 'non-ambiguous' requirement implies that in the psychometric tradition only those problems having one correct answer are to be valued as assessment items, and it is assumed that the correct answer can always be identified without question. It is also assumed that a good assessment problem needs to provide all the information needed to solve it. In this connection, extra or redundant information is considered confusing to students and should be avoided. In other words, problems such as the Flag problem would never have a chance for use in assessment, or even to be developed!
Educational Assessment Dominated by the Psychometric T radition
Although assessment in mathematics education has changed over the years and alternatives have been developed, it continues to be dominated by the psychometric approach (Kilpatrick, 1993) . According to Keitel and Kilpatrick (1999) , many major international comparative studies have been designed and controlled by psychometricians. Almost all of the people with primary responsibility for conducting the Third International Mathematics and Science Study (TIMSS), for example, were ''empirical researchers in education, psychometricians or experts in data processing'' (p. 245). Keitel and Kilpatrick (1999) went on to say that ''in such studies, questions of content -in all its aspects -have usually been seen as secondary'' (p. 245). Shepard (2000a) commented that ''historically, because of their technical requirements, educational tests of any importance were seen as the province of statisticians and not of teachers or subject matter specialists'' (p. 1). She has made that point over a sustained period of time (see, e.g., Shepard, 1991 Shepard, , 1993 Shepard, , 2000a . Her plea for more influence of subject matter expertise in educational assessment was the core of a discussion she started in the early 1990s (Shepard, 1991 (Shepard, , 1993 Cizek, 1993a Cizek, , 1993b . The appeal by Berlak et al. (1992) for a new science of educational testing and assessment can be seen in the same light.
Others have emphasized the need to develop a theory of assessment in mathematics education (see, e.g., Glaser, 1986; Grouws & Meier, 1992; Collis, 1992; Webb, 1992 Webb, , 1993 . Notwithstanding the fact that serious efforts have been made to develop such theory and investigate a domain-based approach to assessment (e.g., Webb, 1992; Van den Heuvel-Panhuizen, 1996; Shafer & Romberg, 1999) , it cannot be denied that mathematics educators are presently more than ever facing the reality of standardized tests. As Clements and Ellerton (1996) aptly pointed out, in the absence of expressly articulated educational principles for the purpose of guiding assessment policies and practices, ''technical and pragmatic criteria became de facto ruling principles'' (p. 158). Clements and Ellerton (1996) also pointed out that the mathematics education community has an important role to play in claiming and accepting responsibility in the domain of assessment. If the goal of mathematics education is mathematization, then assessment problems have to make this process visible. We are arguing, here, that the psychometric model for assessment design literally separates mathematics educators from problems that are crucial for making this process visible. In our view, the foregoing clearly points towards a need to augment the psychometric model for test design and assessment with a didactic model for designing assessment tools. But before working this out we should mention that within the psychometric approach there are some new developments as well.
New Developments in the Psychometric Approach
There are some new developments in the psychometric field. In this community, the need to devise new approaches and techniques compatible with contemporary cognitive, developmental, and educational theories has been accepted (De Corte, Greer, & Verschaffel, 1996) . Two examples of these new developments are the BEAR Assessment System (Wilson and Sloane, 2000) and an assessment system designed by Baxter and Junker (2001) aimed at the development of a cognitive developmental map on proportional reasoning in which age-appropriate skills and knowledge competencies can be specified.
Examples like these apparently cause the National Research Council (NRC), in the United States, to be optimistic about the alleged shortcomings of the psychometric-based assessment. In Knowing W hat students Know: T he Science and Design of Educational Assessment, published by the NRC's Committee of the Foundations of Assessment (Pellegrino, Chudowsky, & Glaser, 2001) , the NRC maintains that the dissatisfaction might disappear if some of the less common models in the psychometric toolkit were more widely used. In particular, reference was made to multidimensional and multi-attribute models. Pellegrino et al. (2001) further maintained that psychometricians are the ones who are supposed to solve, and will solve, the experienced shortcomings in assessment.
Thus, it would appear to be the case that NRC believes that there is little or no room for didacticians to contribute to the challenge. The discussion in the NRC publication concentrates on determining how competencies are composed. If it is known what kind of sub-competencies together make a competency, then how the responses of the students should be analyzed will be known. Little or nothing is mentioned about the kind of problems that have to be presented to students for assessing their competencies.
Similar comments could be made regarding other recommendations in the NCR report. Thus, even though the report makes a strong appeal for rethinking the nature of assessment, doubts linger about who should do this, and how it can be achieved. The NRC argued that this state of affairs has arisen because although the principles and practices of educational measurement have changed over the last century, the changes have not kept pace with the substantial developments that have accrued in the understanding of learning and its measurement. It is the NRC's view, however, the understanding of learning should come from the sciences of cognition. The authors of this present chapter, however, are among those who have a preference for a stronger link to didactics instead, including both the theories of learning and teaching mathematics and its practice.
Departing from the Psychometric Model of Assessment Design
We would maintain that assessment reform in mathematics education is not possible while there is an allegiance to the psychometric model of test item design. Other conceptualizations of assessment are needed in order to enhance assessment practices in mathematics education. Let us be clear -we are not abandoning standardized tests altogether; rather, we propose to extend the assessment domain to include a model for designing and developing assessment tools and problems that is based on the didactics of mathematics.
To begin, we will present and discuss some misconceptions about mathematics problems that are found in psychometric-based tests. For example, here are some beliefs about assessment:
1. Mathematics problems always have only one correct answer. 2. The correct answer can always be determined.
3. All the needed data should be provided to students. 4. Good mathematics problems should be locally independent. 5.
Knowledge not yet taught cannot be assessed. 6. Mathematics problems should be solved in exactly one way. 7. The answer to a problem is the only indicator of a student's achievement level.
Although these beliefs about assessment are closely aligned with the assumptions underlying the psychometric model of tests discussed earlier in this chapter, they are incorrect. If the issues are to be clarified, it is important that both mathematics and assessment in mathematics education be adequately conceptualized. Although this idea has been mentioned in critiques of standardized tests spanning, say, the last decade, the critics commonly focus on low-level skills. Rarely mentioned, however, is our view that these tests reflect some severe misconceptions about the nature of mathematics and mathematics problems.
Every mathematics item on a standardized test should have exactly one answer. If an item contrary to this belief is inadvertently included on a test, there will likely be a large commotion in the testing community. For example, in 1997 a student discovered that one SAT item had two possible answers. Consequently, the tests of 15,000 students had to be re-scored and the scores revised, in accordance with testing policy (National Council of Teachers of Mathematics, 1997) .
Items with more than one correct answer -not to mention problems for which the correct answer cannot be determined -are not included in standardized tests of mathematics. But, this does not imply they should not be used in assessing students' mathematical learning. On the contrary, a decision not to include such problems would imply that problems that can provide the teacher with valuable instructional information to benefit students' learning are not permitted. We think the Flag problem, for example, is a prime example of a problem that can potentially provide a lot of useful information to teachers.
NEW ALTERNATIVES FOR ASSESSMENT PROBLEMS
A generation ago, Krutetskii's (1976) classic T he Psychology of Mathematics Abilities in Schoolchildren challenged mathematics teachers and educators to embrace assessment models which lay outside the psychometric tradition. Now, finally, mathematics educators are rising to this challenge and considering the education possibilities of classes of assessment problems that can provide insight into the significant mathematical thinking of which students are capable. We now elaborate on that statement.
Problems with Multiple Solutions
We begin with the Candle problem (Van den Heuvel-Panhuizen, 1996) (see Figure 5 ). This problem is about a collection of packages containing candles. The number of candles in each box is shown.
This problem was administered to a class of first-grade students. The teacher read the instructions, and then students were asked to 'buy' twelve candles and indicate the cost of their purchase by putting a mark over the chosen packages. As an aside, the Candle problem has much in common with a multiple-choice test item -the difference is that the children now really have multiple choices. To put it differently, in order for the problem's potential to be realized, it is necessary that the children make their choice(s), guided by their own natural mathematical thinking and knowledge. One student might select two packages of six while another student might add small numbers of candles repeatedly until twelve is reached (e.g., 3 and 3 makes 6, and 1 makes 7, and 1 makes 8, and 2 makes 10, ... ). If several such items are included in assessment, relevant information can be collected regarding familiarity with numbers and operations. The W histle and Watch problem (Van den Heuvel-Panhuizen, 1996 ) (see Figure 6 ), which was designed for second-grade students, is a similar problem. Students imagine they are at a fair. They are asked to indicate how much they will have to pay for both the watch and whistle toys shown in Figure 6 .
Inherent in problems that have several or many correct answers is what we call a ''zone of free construction'' (Van den Heuvel-Panhuizen, 1996) . That is to say, such problems provide an opportunity for students to think using whatever natural thinking abilities they choose (see also Becker & Shimada, 1997; Hashimoto & Becker, 1999; Shimada, 1977) . This characteristic has potential for revealing many dimensions of students' learning. Here, marking two 25-cent coins is a quite different response from, say, marking a 10-cent coin and 5-cent coin, and then marking three 10-cent coins and a 5-cent coin, though both are correct.
Notwithstanding the revealing capacity of these problems, teachers and researchers should always be alert and check their interpretations and conclusions. This is as true for these new problems as it was for the traditional ones. The difference, however, is that these new problems are not exclusively focused on certainty, but instead allow more uncertainty in order to make the problems more revealing and thereby create opportunity for an assessment practice on a human scale (see also Streefland & Van den Heuvel-Panhuizen, 1999) .
Although a portion of the assumed certainty is indeed lost with the introduction of 'elasticity', such problems with latitude provide a wealth of information -particularly for daily classroom practices. In this respect we agree with Wassermann (2001) that we need to help parents, students, teachers and school administrators to have more comfort in a world of uncertainty.
Dependent Problems
The Ice Cream problem (Van den Heuvel-Panhuizen, 1996) (see Figure 7) was designed for fifth-grade students. The students are asked to determine what the cost will be, in Dutch guilders, for each of the two Italian ice cream treats.
In this problem, one can use the solution of the first part of the problem to solve the second part. These kinds of problems, sometimes called 'twin problems', violate local independence (which is a requirement of the traditional psychometric model).
Students record their work in the space provided on the test. Thus, there is useful information available about students' strategies in solving the problemthat is, in converting the price from Lires into Dutch guilders (see Figure 8 ). The power of including dependent problems on a test is that the assessment reveals whether the students have insight into the relationship between the two problems, and whether they can make use of it. In the Ice Cream problem, the second treat costs three times the first treat which students can determine by using their knowledge of ratios (done by students c and d, but not by students a and b).
Below is another example of a dependent problem, the Banana problem. But here the presentation is altered -the related problem uses only numbers (Van den Heuvel-Panhuizen, 1997) (see Figure 9) .
The two problems are concerned with the same mathematics content, that is to say, ''1.49×0.740 is about ______''. A difference in results between two estimations can be very revealing. For example, in a Dutch fifth-grade class with 29 students, only one student found the correct answer for the problem with the numbers only, whereas 12 students achieved a correct answer in the context version. This illustrates that two problems apparently assessing the same mathematical content may assess quite different things. A related analysis revealed that if the students' results in the two versions were compared, nearly 75% of the students showed some degree of progress in estimation. However surprising the difference is between the students' responses to the two versions, what lies behind these diVerences is important, rather than the differences themselves. It appears that the 'context' version elicited strategies which were different from those elicited by the problem with only numbers.
Knowledge acquired by teachers in this approach to assessment can provide important information for further instruction. Beyond this, this kind of assessment can determine the approach or method of teaching to be used and also that knowledge can be assessed before the content has been taught. From that perspective, it could be argued that these examples exhibit assessment approaches that seemingly turn the rules of traditional assessment upside-down!
Strategy as Assessment Output
Redefining assessment output to include students' solution strategies may be helpful in diagnosing students' learning difficulties or errors, as well as indicating achievement in its own right. This idea was tried out in an evaluation of the students' achievement in a teacher enhancement project. Students' achievement with non-project teachers was compared with students' achievement with project teachers (see Van den Heuvel-Panhuizen & Fosnot, 2001) . For this comparison, problems were used that had potential for revealing students' processes of mathematizing. All the problems were written on a sheet of paper on which the students also wrote their solution methods.
The most important requirement for assessing mathematizing is, however, that there is something to mathematize. This means that in the case of problems that involve numbers, the students have opportunities to process the numbers in different ways. Also, the numbers need to be chosen in such a way that the students can exhibit their ability to apply smart strategies that bring into play their knowledge of the properties of operations and numbers. An example of such a problem is the long addition problem in Figure 10 , intended for third grade students.
The problem appears to be an ordinary addition problem that could trigger a column algorithm or -as it was called in this study -'ciphering' (see Figure 11) .
A student with number sense, however, would be likely to recognize how nicely the numbers can be fit together and link a strategy to this knowledge, that is, use a smart calculation strategy or -as it was called in this study -'tinkering' (see Figure 12) .
Ciphering was the strategy of choice for the majority (62%) of the non-project students (n=61). For the project students (n=75), only 20% applied a ciphering strategy. In contrast, the project students used their number and operation knowledge by tinkering (17%) or decomposing (45%). For the non-project students these percentages were remarkably lower (5% and 15%, respectively).
Overall, the study's results made it clear that assessment loses much if it is restricted to 'answers only' and that the applied strategies should not be overlooked as a direct indicator of student achievement.
CONCLUDING REMARKS
There is a common thread running through the alternatives to standardized test problems that have been presented in this paper -they are all grounded in broad ideas on mathematics and mathematics teaching. Each provides a 'rich environment' in which students have an opportunity to demonstrate what they know; that is, to use their natural thinking abilities and apply their knowledge. The problems get to the heart of applying mathematics -that is, mathematics as a human activity (Freudenthal, 1973) . In each case, the students have to organize the data, develop or select a model, and select a manner of notation by which they can deal with the data, make use of their knowledge of daily-life measures, reason in order to find ways for combining information, and select or develop adequate and efficient solution strategies. Assessment in mathematics education should make these processes explicitly clear. This is particularly true for classroom assessment. Classroom teachers need detailed information on their students' mathematical thinking in order to tailor lessons appropriate for them. These requirements cannot be easily met, however, by only using results from standardized tests. By utilizing only the psychometric model for assessment design, we are depriving teachers of problems that are crucial for informing them about their students' mathematization abilities. Therefore, it seems clear that we need to augment significantly the psychometric model with a didactic model for assessment design. If this is achieved we believe that it will generate better assessment and better instruction -they are the two sides of the same assessment coin (Becker & Selter, 1996) .
Finally, we acknowledge that there are some aspects of assessment that have not been addressed in this chapter. For example, we have not dealt with examples used in international assessments and in national assessments in some countries. Nor have we discussed the multiple and varied realities of classroom teachers who, in most countries, are spending nearly all their teaching days with students, and find it difficult to get the time required to learn, implement, and apply new approaches to assessment. Further, assessment is, really, a political issue and this implies that teachers, parents, administrators and political decision makers need to be enlightened about proposed changes.
